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We have derived the basic forms of the equivalent linear equations for 
nonlinear high-intensity non-steady-state heat- and mass-transfer. 
Methods are proposed for the modeling of these processes on the basis 
of various physical analogies. 

The o n e - d i m e n s i o n a l  equat ion of h igh - in t ens i ty  non-  
s t e a d y - s t a t e  p r o c e s s e s  of hea t -  and m a s s - t r a n s f e r ,  
f o rmula t ed  by A. V. Luikov [1], has the fo rm 

OT ~' O~T _ ~, 02T (1) 
C ~ a ~ +  3 - -  - -  

w~ O "d Ox 2 

If we neglect  the t e r m  with the second der iva t ive ,  
Eq. (1) r e p r e s e n t s  the c l a s s i c a l  hea t -conduc t ion  equa-  
t ion in which the wel l -known paradox is the p r e s e n c e  
of an inf ini te  r a t e  of heat propagat ion.  

Cons ide ra t ion  of the non l inea r  t e m p e r a t u r e  p r o p e r -  
t ies  of the medium,  when the funct ions  c, 3/, and X a r e  
funct ions  of t e m p e r a t u r e ,  leads  to the ex i s tence  of a 
f ini te  hea t -p ropaga t ion  ra te  [2], which is  a function of 
the m a t e r i a l  p r o p e r t i e s  and the condi t ions  unde r  which 
the heat  flows a re  produced.  

P.  Vernot te  [3] indica ted  the ex i s tence  of a f ini te  
hea t -p ropaga t ion  r a t e  for h igh- in tens i ty  n o n - s t e a d y -  
s ta te  p r o c e s s e s  of heat  t r a n s f e r  in r a r e f i ed  media;  
A. V. Luikov [4] did the same  for the p r o c e s s e s  of 
hea t -  and m o i s t u r e - t r a n s p o r t  in c a p i l l a r y - p o r o u s  
media .  The ra te  of heat  propagat ion  is g iven by 

? 

w,-- l /  (2) 
F c Y~r 

For  meta l s  the veloci ty  cons tant  is on the o rde r  of 
r r ~ 1 0  - n  sec,  while for gases  it is on the o r de r  of 
r r ~ 1 0  -9 sec.  For  example,  for n i t rogen  the r a t e  of 
hea t -p ropaga t ion  is Wr~150 m / s e c .  

It may develop in h igh - in t ens i ty  n o n - s t e a d y - s t a t e  
p r o c e s s e s  of hea t -  and m a s s - t r a n s f e r  that the t e r m  
with the f i r s t  de r iva t ive  with r e spec t  to t ime  is con-  
s i de r ab ly  s m a l l e r  than the t e r m  with the second d e r i v -  
at ive.  In this case ,  the equation of hea t -  and m a s s -  
t r a n s f e r  is  a pu re ly  hyperbol ic  wave equat ion [1] 

02T = w~ O~T (3) 
O ~ ax  ~ 

In the case  of m a s s  t r an s f e r ,  T is unders tood to r e f e r  
to the concen t ra t ion  of the med ium.  If we a s s u m e  that 
the hea t -p ropaga t ion  ra te  Wr is f ini te  and constant ,  
Eq. (3) wilI desc r ibe  the propagat ion  of the heat -  and 
m a s s - t r a n s f e r  waves,  and the na tu re  of the heat p rop -  
agat ion will  no longer  be diffusive as in the c l a s s i c a l  
theory  of heat t r ans f e r ,  but r a t h e r  it wil l  be wavelike.  
The methods for the in tegra t ion  of Eq. (3) with the con-  

s tant  Wr a r e  well known, and we will not dwell on these 
here .  

Let us cons ide r  the hyperbol ic  hea t -conduct ion  equa-  
tion (3) in which the hea t -p ropaga t ion  ra te  Wr of (2) is 
exc lus ive ly  a funct ion of aT/~x ,  i . e . ,  of the t e m p e r a -  
tu re  g rad ien t :  

~ r  ~ ~r - ~ X  " 

In this case ,  Eq. (3) is changed f rom a l i n e a r  equation 
to a q u a s i - l i n e a r  hea t -conduc t ion  equat ion:  

0 "~ -- ~r  OX ~ 

Having in t roduced the c h a r a c t e r i s t i c  d i rec t ions  for 
the t e m p e r a t u r e  field (4), we can b r ing  Eq. (4) to an 
equivalent  sys t em of o r d i n a r y  d i f fe ren t ia l  c h a r a c t e r -  
i s t ic  equat ions : 

the equat ions for the f i r s t  fami ly  of c h a r a c t e r i s t i c s :  

dx  = + w r d %  (5) 

dT~ = -1- w~ dTx, (6) 

the equat ions for the second fami ly  of c h a r a c t e r -  
i s t i c s  : 

dx  = - - w ~ d %  (7) 

dT~ = - -  w ,  dTx, (8) 

where 

Tx  - -  c)T Tx  OT (9) 
' = 7 2 "  

Equat ions  (6) and (8) a r e  independent  of Eqs.  (5) 
and (7) for the c h a r a c t e r i s t i c s  of the i r  f ami l i e s  and 
can be in tegra ted  separa te ly .  This  yields  the two f i r s t  
i n t eg ra l s  of the c h a r a c t e r i s t i c  equations (5)-(8) :  

r~--  wr ~-- x 

( OT ) dTx = ~, (11) T~+ w, 

where ~ and ~/are constants, which, however, change 
from characteristic to characteristic. 

After finding the first integrals of (10) and (11), the 
problem reduces to the integration of the system of 
equations (5) and (7). We will demonstrate that for the 
integration of this system it is sufficient to solve a 
system of linear partial-differential equations with 
variable coefficients. 

Let us bring Eqs. (5)-(8) to a new form by an in- 
version method [5-7]. As the independent variables, 
for this we will introduce the so-called characteristic 
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v a r i a b l e s  d e t e r m i n e d  f r o m  f o r m u l a s  (10) and (11), and 
we wil l  r e g a r d  the old  independent  v a r i a b l e s  x and T as 
the sought  funct ions  of the new v a r i a b l e s ,  i . e . ,  l e t  us  
c o n s i d e r  the t r a n s f o r m a t i o n  

x -- x(~, ,9, (12) 

T = T(}, ,0. (13) 
T r a n s i t i o n  to the new v a r i a b l e s  is  p o s s i b l e  if  the J a c o -  
b ian  of t r a n s f o r m a t i o n s  (12) and (13) 

j = ( O x  OT dx OT ) (14) 

o~ an an at 
is d i f ferent  f rom O. 

In this  ca se ,  i n s t e ad  of the non l inea r  equat ion (4) o r  
i t s  equ iva len t  s y s t e m  of c h a r a c t e r i s t i c  equat ions  (5 ) -  
(8), we obta in  two l i n e a r  equat ions  

Ox = +~r(~, ~l) aT (15) 5T 
Ox aT 
an = - ~" (~' n)-~n , (1~ )  

where  wr ( ( ,  ~) is  the r a t e  of heat  p r o p a g a t i o n  e x p r e s s e d  
in the fo rm of a funct ion of the c h a r a c t e r i s t i c  v a r i a -  
b les  ~ and ~? on the b a s i s  of f o r m u l a s  (10) and (11). 

The  s y s t e m  of equat ions  (16) and (11) r e p r e s e n t s  a 
s y s t e m  of l i n e a r  p a r t i a l - d i f f e r e n t i a l  equat ions  of f i r s t  
o r d e r  with v a r i a b l e  coef f i c ien t s  and is  c o m p l e t e l y  
equ iva len t  to Eq. (4) if the Jacob ian  of the t r a n s f o r m a -  
t ion is d i f f e ren t  f r o m  0. 

If the Jacob ian  of the t r a n s f o r m a t i o n  is  equal  to 0, 
Eqs .  (15) and (16) a r e  not s a t i s f i ed ,  s i n c e  the d e r i v a -  
t i ve s  

Ox Ox O ~ O ,: 
o g'  on 

m a y  vanish  in this  ca se .  
However ,  the c a s e  in which the Jacob ian  of (14) 

v a n i s h e s  is  r e p r e s e n t e d  by the s i m p l e s t  so lu t ions  of 
Eq. (4), s i nce  this  c a s e  d e s c r i b e s  the s o - c a l l e d  s i m p l e  
o r  shock waves  of hea t  o r  m a s s  t r a n s f e r .  This  c a s e  is  
of independent  i n t e r e s t ,  a n d w e  wil l  t r e a t  it  s e p a r a t e l y  
in ano the r  p a p e r .  

We wil l  p r e s e n t  o the r  f o r m s  of Eq. (4) o r  of Eqs.  
(5)- (8) ,  equiva lent  to t h e s e  but r e d u c e d  to l i n e a r  equa-  
t ions .  

Le t  us in t roduce  the independent  v a r i a b l e s  u and v 
in a c c o r d a n c e  with the f o r m u l a s  

aT aT (17) 
O ~ ax 

and r e g a r d  the o ld  v a r i a b l e s  x and ~" a s  the sought func-  
t ions ,  a s s u m i n g  that  the J aoob ian  of the t r a n s f o r m a -  
t ion is  not equal  to 0: 

j = ( Ou aTav Orau ovOX ) " (18) 

Using (17) and (18) we b r ing  Eqs .  (5)-(7)  to equ iva len t  
f o r m  

Ox w, (o) O au - ~ '  (19) 

O~_x 
= - - w , ( v )  a ~ ,  (20) 

0v 0 v  

w h e r e  wr  is  a function e x c l u s i v e l y  of the s ing le  v a r i -  
ab le  v. The  fo rm of Eqs.  (19)-(20) is  convenien t  in the 

i n t eg ra t ion  of the equat ions  for  h i g h - i n t e n s i t y  non-  
s t e a d y - s t a t e  h e a t -  and m a s s - t r a n s f e r ,  

Equat ions  (15)-(16) o r  (19)-(20) a r e  e a s i l y  r e d u c e d  
to l i n e a r  p a r t i a l - d i f f e r e n t i a l  equat ions  of second  o r d e r  
with v a r i a b l e  coef f i c ien t s  for  e i t h e r  one of the func-  
t ions x o r  T. 

By d i f f e r en t i a t i on  and e l imina t ion ,  i n s t ead  of (15) 
and (16) we obta in  two s e c o n d - o r d e r  equat ions  

0 ~ 0 n  2w, d(~ + = 0 ,  (21) 

O'T + 1 dwr ( 0_3_~ + OOl) 
0g0~] 2wr d a  \ 0 ~  = 0 ,  (22) 

w h e r e  e = ~ + ~? and we a s s u m e  that  OWr/0~ = awr/0~? = 
= d w r / d m  We can r e d u c e  Eqs.  (19) and (20) in s i m i l a r  
fash ion  to s e c o n d - o r d e r  equat ions  by the s a m e  p r o c e -  
dure .  

Cons ide r ing  Eq~ (4) o r  i t s  equiva lent  s y s t e m  of equa-  
t ions  (5)- (8) ,  (15)-(16) ,  (19)-(20) ,  o r  (21)-(22) ,  we 
d raw  the conc lus ion  that  i f  we a s s u m e  the r a t e  of p r o p -  
aga t ion  for  the hea t  waves  to be e x c l u s i v e l y  a function 
of the hea t  flow, the equat ions  of p ropaga t i on  for  h e a t -  
and m a s s - t r a n s f e r  wil l  f o r m a l l y  co inc ide  with the equa-  
t ions  of non l inea r  n o n d i s s i p a t i v e  and n o n d i s p e r s i v e  
e l e c t r o d y n a m i c s  [5 -7 ] .  Th is  f o r m a l  ana logy  can  be 
u sed  for  the m o d e l i n g - - b y  the e l e c t r i c a l  methods  of 
non l inea r  e l e c t r o d y n a m i c s - - o f  the p r o c e s s e s  of non-  
l i n e a r  h i g h - i n t e n s i t y  h e a t -  and m a s s - t r a n s f e r .  

Th is  f o r m a l  analogy a l so  i nd i ca t e s  new phenomena  
which wi l l  a ccompany  the p r o p a g a t i o n  of the h e a t -  and 
m a s s - t r a n s f e r  waves  in a non l inea r  me d ium.  In p a r t i c -  
u l a r ,  we can p r e d i c t  the a p p e a r a n c e  of  h e a t -  and m a s s -  
t r a n s f e r  shock waves .  

The in tens i ty  of the e l e c t r i c  f ie ld  E can be c o m p a r e d  
to the magni tude  of ~T/~x;  the in tens i ty  of the m a g -  
net ic  f ie ld  H can be c o m p a r e d  to the magni tude  0T/aT 
or ,  c o n v e r s e l y ,  i t  m a y  depend on the non l inea r  e l e c -  
t r o m a g n e t i c  med ium tha t  is  chosen .  

M o r e o v e r ,  we can  c i t e  the analogy be tween the p r o -  
c e s s e s  of in t ense  h e a t -  and m a s s - t r a n s f e r  and the 
p r o p a g a t i o n  of e l a s t i c - p l a s t i c  waves  [8], g a s d y n a m i c  
waves  [9 -10] ,  e tc .  

NOTATION 

~- is  the t ime;  x is  the coord ina te ;  c is  the hea t  
capac i ty ;  y is  the spec i f i c  weight  of the m a t e r i a l ;  X is 
the t h e r m a l  d i f fus iv i ty ;  wr  is  the r a t e  of heat  (or m a s s )  
p ropaga t ion ;  Tr is  the t ime  cons tant .  
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